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An accident: The microscopic 
picture is 100% known

pV
T

= const .

Boyle 1662 
charles 1787, 
gay-lussac 1802, 
…

Maxwell & Boltzmann 1860–1872

p = 1
3

N
V

mv2 f(v) ∝ v2e− mv2
2kBT
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Photo: AP

I am not a black box.

The Black box syndrome



Scientific theories
Appetizer

First-principle attempts

First principles of phenomenological?

Second Course

3

Phenomenological models
Firs t Course Springs, blocks, and folding rulers13

Deep mean field theory and all that 26

endnotesDessert 34
Where I quote Boltzmann
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true & useful macroscopic 
statements about deep nets?
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Feature Learning
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Feature Learning

Non-feature learning (old)

fW(x) = W ∘ φ(x)

φ(x) Wx y

only  is trainedW

Feature learning (new)

fW,θ(x) = W ∘ φθ(x)

φθ(x) Wx y

everything learns

W1 ρ W2
x1 x2x … WL ρ

xL WL+1 y
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Zeiler & Fergus, 2013
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Cui et al. 2024

…

Chen et al. 2022
Nichani et al. 2023

A series of works from Misha Belkin, Cengiz, and many others…
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13
Papyan, Han, Donoho, “Prevalence of neural collapse during the terminal phase of deep learning training,” PNAS 2020



Neural collapse

μk = Aven(hkn)

Σb = Cov(μk)

Σk = Cov(hkn)Nk
n=1

Σw = Avek(Σk)

φθ(x) Wx y

 classes, each with  examplesK Nk

Tr(ΣwΣ+
b ) → 0

h
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db

dw,1

dw,2



15

db

dw,1

D = log within-class variance
between-class variancedw,2
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⟶ ⟶ ⟶⟶

W1 ρ W2 ρ W3 ρ
x1 x2

x y
x0 x3

W4 ρ

[Súkeník, Mondelli, Lampert, Nuemr (NeurIPS 2023)]
[Rangamani et al. (ICML 2023)]

[Papyan, Han, Donoho, (PNAS 2022)]

…

Deep Neural collapse
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⟶ ⟶ ⟶⟶

A law of data separation
He, Su; pnas 2023

SGD / Adam
MNIST, CIFAR10



Dℓ = trace ΣwΣ+
b Dℓ = trace Σw/traceΣbor
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Dℓ = trace ΣwΣ+
b Dℓ = trace Σw/traceΣbor
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equiseparation is somehow a linear phenomenon

F

hL = LF
k

wℓ = F
k

A mechanical analogy
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8-layer ReLU ResNet | MNIST | 10000 
examples | full batch | SGD | lr = 0.0001, 

acc=82.49%

“concave” separation

Increase lr

A law of data separation?
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xℓ = d1 + … + dℓ

…}d1 }d2

F

··xℓ = k(dℓ+1 − dℓ) − γ ·xℓ − fℓ

··xℓ = k(dℓ+1 − dℓ) − γ ·xℓ − fℓ + σξℓ

A low dimensional model that we can solve!
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Fℓ =
k(wℓ+1 − wℓ)  if  ·hℓ = 0 and  − μr ≤ k(wℓ+1 − wℓ) ≤ μℓ

−μℓ  if  ·hℓ > 0 or ( ·hℓ = 0 and k(wℓ+1 − wℓ) > μℓ)
μr  if  ·hℓ < 0 or ( ·hℓ = 0 and k(wℓ+1 − wℓ) < − μr)25

Forward vs backward pass
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Ok so what?
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Ok so what?
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ADD 5% dropout
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ADD 5% dropout ADD 30% dropout
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CONCAVE

LINEAR

CONVEX



Ongoing Attempts at a first-
principles theory
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h1
m = 1

D
W0xm, hℓ+1

m = 1
N

Wℓϕ (hℓ
m)

hL+1
m = 1

N
wL ⋅ ϕ (hL

m), fm = 1
γ0 N

hL+1
m

DMFT

Bordelon, Pehlevan; 2022

Φℓ
mp(t, s) = 1

N ⟨ϕ (hℓ
m(t)), ϕ (hℓ

p (s))⟩ Gℓ
mp(t, s) = 1

N ⟨gℓ
m(t), gℓ

p (s)⟩
FEATURE KERNEL GRADIENT KERNEL
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Φ0 Φ1 Φ2 Φ3 Φ4
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Φ0 Φ1 Φ2 Φ3 Φ4

da
dt

= γ0ΔaL,

dΔ
dt

= − (L + 1)Δa2L

𝒟ℓ = log ( M − 2
Hℓy ) Hℓ

y := y⊤Φℓy/M

white data, binary classification,  
linear net, very small init

Hℓ
y = (a(t))ℓ
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̂Z0 := X Zℓ = Wℓ ̂Zℓ−1 ̂Zℓ = σ(Zℓ)

Jacot et al. 2022; “Feature learning in  regularized DNNs”L2

Reparameterization 
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̂Z0 := X Zℓ = Wℓ ̂Zℓ−1 ̂Zℓ = σ(Zℓ)

Jacot et al. 2022; “Feature learning in  regularized DNNs”L2

W⊥
ℓ

̂Zℓ−1 = 0Wℓ = Zℓ ̂Z+
ℓ−1 + W⊥

ℓ

∥Wℓ∥2
F = ∥Zℓ ̂Z+

ℓ−1 + W⊥
ℓ ∥2

F + ∥W⊥
ℓ ∥2

Reparameterization 

W⊥
ℓ = 0⇒
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ℒ(W1, …, WL) = C(ZL) + λ
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F

Original loss
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ℒ(W1, …, WL) = C(ZL) + λ
2

L

∑
ℓ=1

∥Wℓ∥2
F

Kℓ = ZT
ℓ Zℓ

̂K ℓ = ̂ZT
ℓ

̂Zℓ

C(ZL) = ∥ZL − Y∥2
F

Original loss

ℒ(Z1, …, ZL) = C(ZL) + λ
2

L

∑
ℓ=1

∥Zℓ ̂Z+
ℓ−1∥2

F

Reparam 1

ℒ(𝒦, ZL) = C(ZL) + λ
2

L

∑
ℓ=1

∥Kℓ ̂K +
ℓ−1∥2

F

Reparam 2
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Macroscopic dynamics
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φℓ = Tr [Kℓ] φ̂+
ℓ = Tr [ ̂K +

ℓ] ψ̂ℓ = Tr [KℓPℓ−1]

Macroscopic dynamics

ω = 1
N

⟨ZL, Y⟩

Work in progress! Possible mistakes!
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̂Zℓ−1

34

φℓ = Tr [Kℓ] φ̂+
ℓ = Tr [ ̂K +

ℓ] ψ̂ℓ = Tr [KℓPℓ−1]

Macroscopic dynamics

λ = 1
2

dφℓ

dt
= − ψℓ + ψℓ+1

dψℓ

dt
= − aℓψℓφ̂+

ℓ−1 + bℓψℓ+1φ̂+
ℓ−1 + cℓψℓ+1φ̂+

ℓ − dℓ
ψ2

ℓφ̂+
ℓ

φℓ−1
dφ̂+

ℓ

dt
= 1

2 eℓφ̂+
ℓφ̂+

ℓ−1 − 1
2 fℓ

φ̂+
ℓψℓ+1
φℓ

ω = 1
N

⟨ZL, Y⟩

Work in progress! Possible mistakes!
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LINEAR  NETWORK φℓ = ψℓ = φ̂+
ℓ

·φℓ = φℓ+1
φℓ

− φℓ

φℓ−1

·φL = 2ω − 2φL − φL

φL−1
·ω = 1 − ω − ω

φL−1

nonLINEAR  NETWORK (no noise)

log φℓ+1 − log φ̂+
ℓ = log φℓ − log φ̂+

ℓ−1

log φℓ+1 − log φℓ = log φℓ − log φℓ−1⟹
A stationary point
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ENDNOTES
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Springs & blocks
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connections with the work of Gerard & Aukosh

autonomous dynamics? (somehow)

we insist on understanding what happens over layers

Noise in dynamical systems

linearization / stabilization understood in signal processing and control theory

high dimensional setting is exciting, with focus on cascades (signal flow)

bildtheorie
you can give a sense of training dynamics to the uninitiated!
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[bilder] borrowed from the sphere of simpler phenomena.

Hertz,  Boltzmann, … 
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It is the ubiquitous task of science to explain the more complex in terms of the simpler; or, if 
preferred, to represent [anschaulich darstellen] the complex by means of clear pictures 
[bilder] borrowed from the sphere of simpler phenomena.

Hertz,  Boltzmann, … 

cheng 


